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physics of neutron stars 
• Neutron stars are among the most complex objects in the Universe. 

• A realistic description of a neutron star will inevitably require 

- general relativity 

- the equation of state 

- strong magnetic fields 

- superfluidity 

- a crust 

- thermal features 

- … 



gravitational waves: observations 
• Since 2015, gravitational-wave detectors have witnessed over 100 

compact-binary coalescences, including 2 neutron-star binaries and 3 
neutron star-black hole binaries.



gravitational waves: GW170817 
• On 17 Aug. 2017, gravitational-wave instruments detected the first 

neutron-star merger.

[Abbott+, Phys. Rev. Lett. 119, 161101 (2017)]



gravitational waves: GW170817 

https://www.youtube.com/watch?v=WoDCPTLgxh4
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On 17 August 2017, the Advanced LIGO1 and Virgo2 detectors 
observed the gravitational-wave event GW170817—a strong signal 
from the merger of a binary neutron-star system3. Less than two 
seconds after the merger, a γ-ray burst (GRB 170817A) was detected 
within a region of the sky consistent with the LIGO–Virgo-derived 
location of the gravitational-wave source4–6. This sky region was 
subsequently observed by optical astronomy facilities7, resulting 
in the identification8–13 of an optical transient signal within 
about ten arcseconds of the galaxy NGC 4993. This detection of 
GW170817 in both gravitational waves and electromagnetic waves 
represents the first ‘multi-messenger’ astronomical observation. 
Such observations enable GW170817 to be used as a ‘standard 
siren’14–18 (meaning that the absolute distance to the source can be 
determined directly from the gravitational-wave measurements) 
to measure the Hubble constant. This quantity represents the local 
expansion rate of the Universe, sets the overall scale of the Universe 
and is of fundamental importance to cosmology. Here we report a 
measurement of the Hubble constant that combines the distance 
to the source inferred purely from the gravitational-wave signal 
with the recession velocity inferred from measurements of the 
redshift using the electromagnetic data. In contrast to previous 
measurements, ours does not require the use of a cosmic ‘distance 
ladder’19: the gravitational-wave analysis can be used to estimate 
the luminosity distance out to cosmological scales directly, without 
the use of intermediate astronomical distance measurements. We 
determine the Hubble constant to be about 70 kilometres per 
second per megaparsec. This value is consistent with existing 
measurements20,21, while being completely independent of them. 
Additional standard siren measurements from future gravitational-
wave sources will enable the Hubble constant to be constrained to 
high precision.

The Hubble constant H0 measures the mean expansion rate of the 
Universe. At nearby distances (less than about 50 Mpc) it is well approx-
imated by the expression

=v H d (1)H 0

where vH is the local ‘Hubble flow’ velocity of a source and d is the 
distance to the source. At such distances all cosmological distance 
measures (such as luminosity distance and comoving distance) differ 
at the order of vH/c, where c is the speed of light. Because vH/c ≈ 1% for 
GW170817, the differences between the different distance measures are 
much smaller than the overall errors in distance. Our measurement of 
H0 is similarly insensitive to the values of other cosmological param-
eters, such as the matter density Ωm and the dark-energy density ΩΛ.

To obtain the Hubble flow velocity at the position of GW170817, we 
use the optical identification of the host galaxy NGC 49937. This iden-
tification is based solely on the two-dimensional projected offset and is 
independent of any assumed value of H0. The position and redshift of 

this galaxy allow us to estimate the appropriate value of the Hubble flow 
velocity. Because the source is relatively nearby, the random relative 
motions of galaxies, known as peculiar velocities, need to be taken into 
account. The peculiar velocity is about 10% of the measured recessional 
velocity (see Methods).

The original standard siren proposal14 did not rely on the unique 
identification of a host galaxy. By combining information from around 
100 independent gravitational-wave detections, each with a set of 
potential host galaxies, an estimate of H0 accurate to 5% can be obtained 
even without the detection of any transient optical counterparts22. This 
is particularly relevant, because gravitational-wave networks will detect 
many binary black-hole mergers over the coming years23 and these 
are not expected to be accompanied by electromagnetic counterparts. 
Alternatively, if an electromagnetic counterpart has been identified but 
the host galaxy is unknown, then the same statistical method can be 
applied but using only those galaxies in a narrow beam around the loca-
tion of the optical counterpart. However, such statistical analyses are 
sensitive to several complicating effects, such as the incompleteness of 
current galaxy catalogues or the need for dedicated follow-up surveys, 
and to a range of selection effects24. Here we use the identification of 
NGC 4993 as the host galaxy of GW170817 to perform a standard siren 
measurement of the Hubble constant15–18.

Analysis of the gravitational-wave data associated with GW170817 
produces estimates for the parameters of the source, under the assump-
tion that general relativity is the correct model of gravity3. We are most 
interested in the joint posterior distribution on the luminosity distance 
and binary orbital inclination angle. For the analysis we fix the location 
of the gravitational-wave source on the sky to the identified location of 
the counterpart8 (see Methods for details).

An analysis of the gravitational-wave data alone finds that 
GW170817 occurred at a distance = . − .

+ .d 43 8 Mpc6 9
2 9  (all values are 

quoted as the maximum posterior value with the minimal-width 68.3% 
credible interval). The distance quoted here differs from that in other 
studies3, because here we assume that the optical counterpart represents 
the true sky location of the gravitational-wave source instead of mar-
ginalizing over a range of potential sky locations. The uncertainty of 
approximately 15% is due to a combination of statistical measurement 
error from the noise in the detectors, instrumental calibration uncer-
tainties3 and a geometrical factor that depends on the correlation of 
distance with inclination angle. The gravitational-wave measurement 
is consistent with the distance to NGC 4993 measured using the Tully–
Fisher relation19,25, dTF = 41.1 ± 5.8 Mpc.

The measurement of the gravitational-wave polarization is crucial 
for inferring the binary inclination. This inclination, ι, is defined as the 
angle between the line-of-sight vector from the source to the detector 
and the orbital-angular-momentum vector of the binary system. For 
electromagnetic phenomena it is typically not possible to tell whether 
a system is orbiting clockwise or anticlockwise (or, equivalently, 
face-on or face-off), and sources are therefore usually characterized 
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science potential of neutron-star binaries  
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4. Testing general relativity 

5. Multi-messenger astronomy
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Abstract

On 2017 August 17 the merger of two compact objects with masses consistent with two neutron stars was
discovered through gravitational-wave (GW170817), gamma-ray (GRB170817A), and optical (SSS17a/AT
2017gfo) observations. The optical source was associated with the early-type galaxy NGC 4993 at a distance of
just ∼40 Mpc, consistent with the gravitational-wave measurement, and the merger was localized to be at a
projected distance of ∼2 kpc away from the galaxy’s center. We use this minimal set of facts and the mass
posteriors of the two neutron stars to derive the first constraints on the progenitor of GW170817 at the time of
the second supernova (SN). We generate simulated progenitor populations and follow the three-dimensional
kinematic evolution from binary neutron star (BNS) birth to the merger time, accounting for pre-SN galactic
motion, for considerably different input distributions of the progenitor mass, pre-SN semimajor axis, and
SN-kick velocity. Though not considerably tight, we find these constraints to be comparable to those for Galactic
BNS progenitors. The derived constraints are very strongly influenced by the requirement of keeping the binary
bound after the second SN and having the merger occur relatively close to the center of the galaxy. These
constraints are insensitive to the galaxy’s star formation history, provided the stellar populations are older
than 1 Gyr.
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1. Introduction

The era of observational gravitational-wave (GW) astronomy
was firmly marked by the detection of the first binary black
hole coalescence GW150914 (Abbott et al. 2016) by the
Advanced LIGO detectors(Aasi et al. 2015). Discovery of a
GW source accompanied by coincident electromagnetic (EM)
emission, however, remained elusive until now.

On 2017 August 17 the Advanced LIGO (Aasi et al. 2015)
and Advanced Virgo (Acernese et al. 2015) interferometer
network recorded a transient GW signal consistent with the
coalescence of a binary neutron star (BNS) GW170817 (Abbott
et al. 2017b). Independently, a gamma-ray signal, classified as
a short gamma-ray burst (sGRB), GRB170817A, coincident in
time and sky location with GW170817 was detected by the
Fermi-GBM instrument (Abbott et al. 2017a, 2017b). The
three-detector GW data analysis led to the smallest sky-
localization area ever achieved for a GW source: ;31 deg2

when initially shared with the astronomy LIGO–Virgo partners
(LIGO Scientific Collaboration & Virgo Collaboration 2017)
and later improved to ;28 deg2 with a fully coherent data
analysis (Abbott et al. 2017b).

Aided by the tight localization constraints of the three-
detector network and the proximity of the GW source, multiple
independent surveys across the EM spectrum were launched in
search of a counterpart beyond the sGRB (Abbott et al. 2017c).
Such a counterpart, SSS17a (later IAU-designated
AT 2017gfo), was first discovered in the optical less than 11
hours after merger, associated with the galaxy NGC 4993
(Coulter et al. 2017a, 2017b), a nearby early-type E/S0 galaxy
(Lauberts 1982). Five other teams made independent detections

of the same optical transient and host galaxy all within about
one hour and reported their results within about five hours of
one another (Allam et al. 2017; Arcavi et al. 2017a, 2017b;
Lipunov 2017b; Tanvir & Levan 2017; Yang et al. 2017;
Soares-Santos et al. 2017; Lipunov et al. 2017a). The same
source was followed up and consistently localized at other
wavelengths (e.g., Corsi et al. 2017; Deller et al. 2017a,
2017b, 2017c; Goldstein et al. 2017; Haggard et al. 2017a,
2017b; Mooley et al. 2017; Savchenko et al. 2017; Alexander
et al. 2017; Haggard et al. 2017c; Goldstein et al. 2017;
Savchenko et al. 2017). The source was reported to be offset
from the center of the galaxy by a projected distance of about
10″ (e.g., Coulter et al. 2017a, 2017b; Haggard et al. 2017a,
2017b; Kasliwal et al. 2017; Yang et al. 2017; Yu et al. 2017).
NGC 4993 has a Tully–Fisher distance of ∼40Mpc (Freedman
et al. 2001; NASA/IPAC Extragalactic Database164), which is
consistent with the luminosity distance measurement from
gravitational waves (40 14

8
-
+ Mpc). Using the Tully–Fisher

distance, the ∼10″ offset corresponds to a physical offset of
;2.0 kpc. This value is consistent with offset measurements of
sGRBs in other galaxies, though below the median value
of ∼3–4 kpc (Fong et al. 2010; Fong & Berger 2013; Berger
2014).
BNS systems were first revealed with the discovery of PSR

B1913+16, the first binary radio pulsar ever detected (Hulse &
Taylor 1975). This immediately triggered new ideas for how
such close pairs of neutron stars can form in nature (De Loore
et al. 1975; Flannery & van den Heuvel 1975; Massevitch
et al. 1976; Clark et al. 1979), based on models for the
formation of high-mass X-ray binaries (van den Heuvel &
Heise 1972; Tutukov & Yungelson 1973) and Wolf–Rayet
X-ray binaries, for which strong orbital shrinkage is needed
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The recent discovery byAdvancedLIGOandAdvancedVirgo of a gravitational wave signal from a binary
neutron star inspiral has enabled tests of general relativity (GR) with this new type of source. This source, for
the first time, permits tests of strong-field dynamics of compact binaries in the presence of matter. In this
Letter, we place constraints on the dipole radiation and possible deviations from GR in the post-Newtonian
coefficients that govern the inspiral regime. Bounds on modified dispersion of gravitational waves are
obtained; in combination with information from the observed electromagnetic counterpart we can also
constrain effects due to large extra dimensions. Finally, the polarization content of the gravitational wave
signal is studied. The results of all tests performed here show good agreement with GR.

DOI: 10.1103/PhysRevLett.123.011102

Introduction.—On August 17, 2017 at 12∶41:04 UTC,
the Advanced LIGO and Advanced Virgo gravitational-
wave (GW) detectors made their first observation of a
binary neutron star inspiral signal, called GW170817 [1].
Associated with this event, a gamma ray burst [2] was
independently observed, and an optical counterpart was
later discovered [3]. In terms of fundamental physics, these
coincident observations led to a stringent constraint on the
difference between the speed of gravity and the speed of
light, allowed new bounds to be placed on local Lorentz
invariance violations, and enabled a new test of the
equivalence principle by constraining the Shapiro delay
between gravitational and electromagnetic radiation [2].
These bounds, in turn, helped to strongly constrain the
allowed parameter space of alternative theories of gravity
that offered gravitational explanations for the origin of dark
energy [4–10] or dark matter [11].
In this paper we present a range of tests of general

relativity (GR) that have not yet been done with
GW170817. Some of these are extensions of tests per-
formed with previously discovered binary black hole
coalescences [12–18], an important difference being that
the neutron stars’ tidal deformabilities need to be taken into
account in the waveform models. The parameter estimation
settings for this analysis broadly match with those of
Refs. [19,20], which reported the properties of the source
GW170817. Our approach here is theory-agnostic where,
using GW170817, we constrain generic features in the
gravitational waveform that may arise from a breakdown of
GR. For a detailed discussion about specific alternative
theories that predict one or more of the physical effects
discussed here see, for instance, Sec. 5 of Ref. [21] and
Sec. 2 of Ref. [22].

Three types of tests are presented. First, we study the
general-relativistic dynamics of the source, in particular
constraining dipole radiation in the strong-field and radi-
ative regime and checking for possible deviations in the
post-Newtonian (PN) description of binary inspiral by
studying the phase evolution of the signal. Next, we focus
on the way gravitational waves propagate over large
distances. Here we look for anomalous dispersion, which
enables complementary bounds on violations of local
Lorentz invariance to those of [2]; constraints on large
extra spatial dimensions are obtained by comparing the
distance inferred from the GW signal with the one inferred
from the electromagnetic counterpart. Finally, constraints
are placed on alternative polarization states, where this time
the position of the source on the sky can be used, again
because of the availability of an electromagnetic counter-
part. We end with a summary and conclusions.
Constraints on deviations from the general-relativistic

dynamics of the source.—Testing GR via the dynamics of a
binary system involves constructing a waveform model that
allows for parametrized deformations away from the
predictions of GR and then constraining the associated
parameters that govern those deviations [13,15,16,23–28].
For previous observations of coalescing binary black holes
[13,15], these tests relied on the frequency domain
IMRPhenomPv2 waveform model of Refs. [29–31],
which describes the inspiral, merger, and ringdown of
vacuum black holes, and provides an effective description
of spin precession, making the best use of the results from
analytical and numerical relativity [32–39]. The phase
evolution of this waveform is governed by a set of
coefficients pn that depend on the component masses
and spins. These coefficients include post-Newtonian
(PN) parameters and phenomenological constants that
are calibrated against numerical relativity waveforms to
describe the intermediate regime between inspiral and*Full author list given at the end of the article.
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GW170817: Measurements of Neutron Star Radii and Equation of State
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On 17 August 2017, the LIGO and Virgo observatories made the first direct detection of gravitational
waves from the coalescence of a neutron star binary system. The detection of this gravitational-wave signal,
GW170817, offers a novel opportunity to directly probe the properties of matter at the extreme conditions
found in the interior of these stars. The initial, minimal-assumption analysis of the LIGO and Virgo data
placed constraints on the tidal effects of the coalescing bodies, which were then translated to constraints on
neutron star radii. Here, we expand upon previous analyses by working under the hypothesis that both bodies
were neutron stars that are described by the same equation of state and have spins within the range observed in
Galactic binary neutron stars. Our analysis employs two methods: the use of equation-of-state-insensitive
relations between various macroscopic properties of the neutron stars and the use of an efficient
parametrization of the defining function pðρÞ of the equation of state itself. From the LIGO and Virgo
data alone and the first method, we measure the two neutron star radii as R1 ¼ 10.8þ2.0

−1.7 km for the heavier
star and R2 ¼ 10.7þ2.1

−1.5 km for the lighter star at the 90% credible level. If we additionally require that the
equation of state supports neutron stars with masses larger than 1.97 M⊙ as required from electromagnetic
observations and employ the equation-of-state parametrization, we further constrain R1 ¼ 11.9þ1.4

−1.4 km and
R2 ¼ 11.9þ1.4

−1.4 km at the 90% credible level. Finally, we obtain constraints on pðρÞ at supranuclear densities,
with pressure at twice nuclear saturation density measured at 3.5þ2.7

−1.7 × 1034 dyn cm−2 at the 90% level.

DOI: 10.1103/PhysRevLett.121.161101

Introduction.—Since September 2015, the Advanced
LIGO [1] and Advanced Virgo [2] observatories have
opened a window on the gravitational-wave (GW) universe
[3,4]. A new type of astrophysical source of GWs was
detected on 17 August 2017, when the GW signal emitted
by a low-mass coalescing compact binary was observed
[5]. This observation coincided with the detection of a γ-ray
burst, GRB 170817A [6,7], verifying that the source binary
contained matter, which was further corroborated by a
series of observations that followed across the electromag-
netic spectrum; see e.g., [8–12]. The measured masses of
the bodies and the variety of electromagnetic observations
are consistent with neutron stars (NSs).
Neutron stars are unique natural laboratories for studying

the behavior of cold high-density nuclear matter. Such
behavior is governed by the equation of state (EOS), which
prescribes a relationship between pressure and density. This
determines the relation between NS mass and radius, as
well as other macroscopic properties such as the stellar
moment of inertia and the tidal deformability (see e.g.,
[13]). While terrestrial experiments are able to test and
constrain the cold EOS at densities below and near the
saturation density of nuclei ρnuc ¼ 2.8 × 1014 g cm−3 (see
e.g., [14–17] for a review), currently they cannot probe the
extreme conditions in the deep core of NSs. Astrophysical

measurements of NS masses, radii, moments of inertia and
tidal effects, on the other hand, have the potential to offer
information about whether the EOS is soft or stiff and what
the pressure is at several times the nuclear saturation
density [16,18–20].
GWs offer an opportunity for such astrophysical mea-

surements to be performed, as the GW signal emitted by
merging NS binaries differs from that of two merging
black holes (BHs). The most prominent effect of matter
during the observed binary inspiral comes from the tidal
deformation that each star’s gravitational field induces on
its companion. This deformation enhances GW emission
and thus accelerates the decay of the quasicircular inspiral
[21–23]. In the post-Newtonian (PN) expansion of the
inspiral dynamics [24–32], this effect causes the phase of
the GW signal to differ from that of a binary BH (BBH)
from the fifth PN order onwards [21,33,34]. The leading-
order contribution is proportional to each star’s tidal
deformability parameter, Λ ¼ ð2=3Þk2C−5, an EOS-sensi-
tive quantity that describes how much a star is deformed in
the presence of a tidal field. Here k2 is the l ¼ 2 relativistic
Love number [35–39], C≡Gm=ðc2RÞ is the compact-
ness, R is the areal radius, and m is the mass of the NS.
The deformation of each NS due to its own spin also
modifies the waveform and depends on the EOS.
This effect enters the post-Newtonian expansion as a
contribution to the (lowest order) spin-spin term at the*Full author list given at the end of the Letter.
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Abstract

On 2017 August 17 a binary neutron star coalescence candidate (later designated GW170817) with merger time
12:41:04 UTC was observed through gravitational waves by the Advanced LIGO and Advanced Virgo detectors. The
Fermi Gamma-ray Burst Monitor independently detected a gamma-ray burst (GRB 170817A) with a time delay of

1.7 s~ with respect to the merger time. From the gravitational-wave signal, the source was initially localized to a sky
region of 31 deg2 at a luminosity distance of 40 8

8
-
+ Mpc and with component masses consistent with neutron stars. The

component masses were later measured to be in the range 0.86 to 2.26 M. An extensive observing campaign was
launched across the electromagnetic spectrum leading to the discovery of a bright optical transient (SSS17a, now with
the IAU identification of AT 2017gfo) in NGC 4993 (at 40 Mpc~ ) less than 11 hours after the merger by the One-
Meter, Two Hemisphere (1M2H) team using the 1 m Swope Telescope. The optical transient was independently
detected by multiple teams within an hour. Subsequent observations targeted the object and its environment. Early
ultraviolet observations revealed a blue transient that faded within 48 hours. Optical and infrared observations showed a
redward evolution over ∼10 days. Following early non-detections, X-ray and radio emission were discovered at
the transient’s position 9~ and 16~ days, respectively, after the merger. Both the X-ray and radio emission likely
arise from a physical process that is distinct from the one that generates the UV/optical/near-infrared emission. No
ultra-high-energy gamma-rays and no neutrino candidates consistent with the source were found in follow-up searches.
These observations support the hypothesis that GW170817 was produced by the merger of two neutron stars in
NGC 4993 followed by a short gamma-ray burst (GRB 170817A) and a kilonova/macronova powered by the
radioactive decay of r-process nuclei synthesized in the ejecta.

Key words: gravitational waves – stars: neutron

1. Introduction

Over 80 years ago Baade & Zwicky (1934) proposed the idea
of neutron stars, and soon after, Oppenheimer & Volkoff (1939)
carried out the first calculations of neutron star models. Neutron
stars entered the realm of observational astronomy in the 1960s by
providing a physical interpretation of X-ray emission from
ScorpiusX-1(Giacconi et al. 1962; Shklovsky 1967) and of
radio pulsars(Gold 1968; Hewish et al. 1968; Gold 1969).

The discovery of a radio pulsar in a double neutron star
system by Hulse & Taylor (1975) led to a renewed interest in
binary stars and compact-object astrophysics, including the
development of a scenario for the formation of double neutron
stars and the first population studies (Flannery & van den

Heuvel 1975; Massevitch et al. 1976; Clark 1979; Clark et al.
1979; Dewey & Cordes 1987; Lipunov et al. 1987; for reviews
see Kalogera et al. 2007; Postnov & Yungelson 2014). The
Hulse-Taylor pulsar provided the first firm evidence(Taylor &
Weisberg 1982) of the existence of gravitational waves(Ein-
stein 1916, 1918) and sparked a renaissance of observational
tests of general relativity(Damour & Taylor 1991, 1992;
Taylor et al. 1992; Wex 2014). Merging binary neutron stars
(BNSs) were quickly recognized to be promising sources of
detectable gravitational waves, making them a primary target
for ground-based interferometric detectors (see Abadie et al.
2010 for an overview). This motivated the development of
accurate models for the two-body, general-relativistic dynamics
(Blanchet et al. 1995; Buonanno & Damour 1999; Pretorius
2005; Baker et al. 2006; Campanelli et al. 2006; Blanchet
2014) that are critical for detecting and interpreting gravita-
tional waves(Abbott et al. 2016c, 2016d, 2016e, 2017a, 2017c,
2017d).
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neutron-star binaries 
• The signal emitted from inspiralling neutron stars differs to that of black 

holes due to the material response to the tidal field. 

• These features enter the waveform phase  at 5PN. 

• The deformability of the stellar material is characterised by the tidal Love 
numbers , which depend on the state of the nuclear matter.
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binary problem 

• Assumptions: 

1. The bodies are well separated, . The problem can 
be tackled perturbatively. (In the final few orbits, this breaks down 
completely and numerical relativity must be used.) 

2. The external field due to the companion is slowly varying, 
. In this regime, the tidal field is static.

ϵ = (M′ /M)(R/D)3 ≪ 1

λ = m ·Ψ/ωα ≪ 1

D(t)

M

M 0
R



static tide: Newtonian gravity 
• The Love numbers  are defined at the surface of the star  by  

 

• Therefore, they can be read off from the exterior, 

 

where the field  satisfies Poisson’s equation, 

 

• This result generalises to relativity, where  is promoted to the (linearised) 
metric of the spacetime .
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static tide: relativity 
• In general relativity, the response of the star is obtained from the exterior 

behaviour of the metric, for example, 

 

where the hypergeometric functions  and  come from the Einstein field 
equations. 

• New Love numbers appear: the gravitomagnetic Love numbers and (when 
the star’s spin is considered) the rotational Love numbers.

−
htt

2
=

1
2 [2k2 ( R

r )
5
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Newtonian gravity general relativity notes

static tide

non-rotating 
stars

[Hinderer (2008); 
Binnington+Poisson (2009); 
Damour+Nagar 2009]

Relativistic neutron-star models with 
elastic crusts [Gittins+ (2020)] and 
superfluidity [Yeung+ (2021)].

rotating stars
[Landry+Poisson (2015); 
Landry (2015);  
Pani+ (2015a,b)]

Calculations are at the level of slowly 
rotating fluid bodies.

static tide: state of play



[Abbott+, Phys. Rev. X 9, 011001 (2019)]

ΛA =
2
3

k2A ( c2RA

GMA )
5

=
2
3

k2A

C5
A

equation-of-state constraints

[Raaijmakers+, Astrophys. J. 918, L29 (2021)]
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dynamical tide 
• However, the static tide approximation will inevitably break down. 

• As the compact objects inspiral, the tidal frequency increases such that it 
eventually becomes comparable to the neutron star’s natural modes, 

 

• This regime is known as the dynamical tide. 

• Neglecting these effects could introduce severe biases in equation-of-state 
inference for third-generation instruments (Cosmic Explorer and the 
Einstein Telescope) [Pratten+, Phys. Rev. Lett. 129, 081102 (2022)].

λ =
m ·Ψ
ωα

= O(1) .



(some of the) modes 
• f-modes: Fundamental oscillations of the star; scale with the average 

density, . 

• p-modes: Restored by the pressure of the fluid; high frequencies above the 
f-mode; possible instability with g-modes [Weinberg+ (2013)]. 

• g-modes: Restored by buoyancy that arises from composition gradients; 
low frequencies below the f-mode, . 

• inertial modes (including r-modes): Restored by rotation; primarily excited 
by the gravitomagnetic tide (a relativistic effect) [Flanagan+Racine (2007)]; 

. 

• i-modes: Oscillations that arise due to phase transitions; possible 
association with short gamma-ray bursts [Tsang+ (2012)]; .

ωα/(2π) ∼ GM/R3 ∼ 1 kHz

ωα/(2π) ∼ 100 Hz

ωα ∼ Ω

ωα/(2π) ∼ 100 Hz



mode-sum: formalism
• Neutron stars host a spectrum of oscillation modes. Formally, the normal 

modes satisfy an eigenvalue problem, 

 

• The normal modes form a complete basis [Chandrasekhar, Astrophys. J. 139, 664 
(1964)], such that a generic vector may be decomposed as 

 

• The equation of motion  becomes that of a driven 
harmonic oscillator, 

C ⋅ ξα = ω2
α ξα .

ξ(t, x) = ∑
α

qα(t) ξα(x) .

∂2
t ξ + C ⋅ ξ = − ∇χ

d2qα

dt2
+ ω2

α qα = Qα ∝ e−imΨ .



resonance
• At resonance , the mode will become excited and extract energy 

from the orbit. This will change the phase by 

 

• The impact of a resonance on the phase strongly depends on the overlap 
 of the mode with the tidal potential, 

m ·Ψ = ωα

ΔΨα

2π
≈ −

tD
torb

ΔEα

|Eorb |
∝ ( Qα

ωα )
2

.

Qα

Qα = − ∫ δρ*α χ dV .



mode-sum: application 
• We expect the dynamical tide to be dominated by the f-mode, but it may 

be possible to see resonances during the inspiral.

0 0.2 0.4 0.6 0.8 1 1.2 1.4

ω

10
-5

10
-4

10
-3

10
-2

10
-1

1

0 0.2 0.4 0.6 0.8 1 1.2 1.4

ω

10
-5

10
-4

10
-3

10
-2

10
-1

1

0 0.2 0.4 0.6 0.8 1 1.2 1.4

ω

10
-5

10
-4

10
-3

10
-2

10
-1

1

p
1

p
2

p
3

g
1

g
2

Γ
1
=2 Γ

1
=2.05 Γ

1
=7/3

~ ~ ~

[Andersson+Pnigouras, Phys. Rev. D 101, 083001 (2020)]

Relative contributions to the tidal Love number  compared to the f-mode.k2



f-mode: approximation 
• There has been some work in representing the 

dynamical tide using just the contribution from the f-
mode. 

(i) Effective approach: generalising the Newtonian 
action for the orbital dynamics to relativity in the 
time domain [Steinhoff+, Phys. Rev. D 94, 104028 (2016)] 
and frequency domain [Schmidt+Hinderer, Phys. Rev. D 
100, 021501 (2019)]. 

(ii) Phenomenological approach [Andersson+Pnigouras, 
Mon. Not. R. Astron. Soc. 503, 533 (2021)].
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f-mode: results 
• The effective approach has been used to constrain the ,  f-mode frequencies 

from the larger component of GW170817 [Pratten+, Nat. Commun. 11, 2553 (2020)], 

 

• However, while these approaches are improved compared to the static tide, they 
do not entirely match results from numerical simulations [Gamba+Bernuzzi, Phys. Rev. 
D 107, 044014 (2023)].

l = 2 3

ωf,2/(2π) ≥ 1.39 kHz, ωf,3/(2π) ≥ 1.86 kHz .
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Newtonian gravity general relativity notes

static tide

non-rotating 
stars

[Hinderer (2008); 
Binnington+Poisson (2009); 
Damour+Nagar (2009)]

Relativistic neutron-star models with 
elastic crusts [Gittins+ (2020)] and 
superfluidity [Yeung+ (2021)].

rotating stars
[Landry+Poisson (2015); 
Landry (2015);  
Pani+ (2015a,b)]

Calculations are at the level of slowly 
rotating fluid bodies.

dynamical 
tide

non-rotating 
stars

[Lai (1994); 
Andersson+Pnigouras 
(2020)]

[Steinhoff+ (2016); Schmidt+Hinderer 
(2016); Pitre+Poisson (2024); 
Hegade K. R.+ (2024)] 

• How to treat a dynamical tidal field? 
• The (quasi-normal) modes are 

incomplete. 
• Can we go beyond just the f-mode?

Newtonian neutron-star models with 
elastic crusts and superfluidity 
[Passamonti+ (2021)].

rotating stars [Ho+Lai (1999);  
Pnigouras+ (2024)]

Planetary studies  
[Lai (2021); Dewberry+Lai (2021)].

state of play



g-modes: origins   
• Not a new idea [Cowling, Mon. Not. R. Astron. Soc. 101, 367 (1941)]. 

• Start with the first law of thermodynamics, 

 

• Assuming cold ( ), electrically neutral ( ), pure -matter, 

 

where  encodes the deviation from chemical equilibrium 
and . 

• When the fluid maintains equilibrium  through an oscillation, the 
equation of state is barotropic  and there are no g-modes.

dE = T dS − p dV + ∑
x

μx dNx .

T = 0 Np = Ne npe

dε =
ε + p

nb
dnb + nbμΔ dYe ⟹ ε = ε(nb, Ye),

μΔ = μp + μe − μn
Ye = Ne/Nb

μΔ = 0
ε = ε(nb)



g-modes: realistic composition 
• In a neutron star, the weak-interaction timescale is much longer than the 

characteristic oscillation period. Thus, the fluid does not maintain  
equilibrium as it pulsates, giving rise to g-modes. 

• Hence, g-modes contain information about the chemical composition. 

• The g-modes are sensitive to the deviations from chemical equilibrium. 
This is characterised by the (local) Brunt-Väisälä frequency , 

β

N

N2 =
ρg2

p ( 1
Γ

−
1
Γ1 ) .
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g-modes: prospects
• The phase shifts are expected to be very small [Lai, Mon. 

Not. R. Astron. Soc. 270, 611 (1994)], 

 

• But some recent work in light of third-generation 
detectors are more optimistic [Ho+Andersson, Phys. Rev. D 
108, 061104 (2023)]. 

• Even without direct measurements of the g-modes, 
the sensitivity improvements will place constraints on 
the nuclear matter.

ΔΨg

2π
≈ − 4.3 × 10−4 [ 100 Hz

ωg/(2π) ]
2

(
Qg

0.0003 )
2

.



beyond Newton 
• In general relativity, all motion is dissipative due to gravitational radiation, 

 

 

• This is formally a 2.5PN feature and inevitably spoils the completeness of 
the modes. 

• In the hope of doing (at the very least) better than Newtonian models, we 
are exploring whether progress can be made in PN theory [Andersson+ (2023); 
Andersson+Gittins (in prep.)]. 

• Ultimately, we will need calculations in full general relativity to describe 
neutron stars.

fGW = −
2G
5c5

ρ
d5Q
dt5

⋅ x → ρ
dv
dt

= − ∇p − ρ∇Φ + fGW,

⟹
dE
dt

= ∫ v ⋅ fGW dV ≠ 0.



summary
• Gravitational waves provide the exciting opportunity to probe the 

behaviour of ultra-dense nuclear matter through observations of neutron 
stars.

what we know 

• We understand the static tide well 
and are able to obtain constraints 
on the equation of state. 

• Third-generation observatories will 
have enhanced sensitivities to the 
dynamical tide… 

• …and neglecting these effects will 
lead to systematics.

what we need to know 

• Formulate the dynamical tide in 
full general relativity. 

• Incorporate oscillation modes 
beyond the f-mode. 

• What the dynamical tide will teach 
us about nuclear matter.


